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A BGK model for gas mixtures of polyatomic
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Abstract
Kinetic models for polyatomic gases have two temperatures for the two
different types of degrees of freedom, the translational and the internal
energy degrees of freedom. Therefore, in the case of BGK models one
expects two types of relaxations, a relaxation of the distribution function
to a Maxwell distribution and a relaxation of the two temperatures to an
equal value. The speed for the first type of relaxation may be faster or
slower than the second type of relaxation. Models found in the literature
often allow only for one of these two cases. We believe that a model should
allow for both cases. That is why we derive a new multi-species polyatomic
BGK model which allows for both regimes. For this new model we prove
conservation properties, positivity of the temperatures, the H-theorem
and characterize the equilibrium as a Maxwell distribution with equal
temperatures. Moreover, we prove the convergence rate to equilibrium
and that we can actually capture both regimes of the relaxation processes.
keywords: kinetic model, BGK model, polyatomic molecules, con-
verge rate to equilibrium, entropy dissipation estimates
PACS subject classification: 02.30.Jr , 05.20.Dd, 33.20.Vq
AMS subject classification: 35B40, 35Q99, 82B40
1 Introduction
In this paper we shall concern ourselves with a kinetic description of gas mix-
tures for polyatomic molecules. In the case of mono atomic molecules and two
species this is traditionally done via the Boltzmann equation for the density
distributions f1 and f2, see for example [6, 7]. Under certain assumptions the
complicated interaction terms of the Boltzmann equation can be simplified by a
so called BGK approximation, consisting of a collision frequency multiplied by
the deviation of the distributions from local Maxwellians. This approximation
should be constructed in a way such that it has the same main properties of
the Boltzmann equation namely conservation of mass, momentum and energy,
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further it should have an H-theorem with its entropy inequality and the equi-
librium must still be Maxwellian. BGK models give rise to efficient numerical
computations, which are asymptotic preserving, that is they remain efficient
even approaching the hydrodynamic regime [16, 10, 9, 2, 3, 8]. Evolution of a
polyatomic gas is very important in applications, for instance air consists of a
gas mixture of polyatomic molecules. But, most kinetic models modelling air
deal with the case of a mono atomic gas consisting of only one species.
In contrast to mono atomic molecules, in a polyatomic gas energy is not
entirely stored in the kinetic energy of its molecules but also in their rotational
and vibrational modes. In addition, one has two temperatures. One temper-
ature is related to the translational degrees of freedom, the other temperature
is related to the degrees of freedom in internal energy. Due to the principle of
equipartition of energy, one expects from physics that in equilibrium the two
temperatures coincides. Therefore, in the case of polyatomic molecules, one
expects an additional relaxation of the two temperatures to a common value in
addition to the relaxation of the distribution function to a Maxwell distribu-
tion. In this paper, we want to analyse the principles of realizing this in the
case of different existing BGK models for polyatomic molecules in the literature,
both for one species and for gas mixtures. In the case of one species, the first
one is the model by Andries, Le Tallec, Perlat and Perthame [1], the second
one is the model of Klingenberg, Pirner and Puppo [14] reduced to one species
and the last one, the model of Bernard, Iollo, Puppo in [4]. In the case of gas
mixture, we analyse the model presented in [14]. For these models, we want to
understand the principle of the additional relaxation of the temperatures, the
physical regimes where it is reasonable to use them, and prove the convergence
rate to equilibrium in the space-homogeneous case in order to see if it reflects a
reasonable physical behaviour.
We prove the convergence rate by considering the entropy dissipation esti-
mates for the relative entropy. Then, the relative entropy can be related to the
L1-norm by using the Ciszar- Kullback inequality. This method is introduced
for example in [15], and is also used for example in [5] for the linear Boltzmann
operator, in [18] for the ES-BGK model and in [11] for the model in [1].
We will observe that two of the three models for one species and the model for
gas mixtures have a restricted physical validity. Therefore, we will also present
a new model for the case of gas mixtures which has a more general physical
validity, and in addition, we prove that the convergence rate to equilibrium
reflects a reasonable physical behaviour.
The outline of the paper is as follows: in section 2 we will present three exist-
ing models for one species [1], [14] and [4] in the literature, prove the convergence
rates to equilibrium in the space homogeneous case and discuss the physical va-
lidity of the three models. In section 3 we will present an existing model for
gas mixtures [14] in the literature, prove the convergence rate to equilibrium
in the space homogeneous case and discuss the physical validity. In section 4,
we present a new model for gas mixtures of polyatomic molecules which has a
larger physical validity and prove the H-theorem and the convergence rate to
equilibrium for this new model.
2
2 Comparison of entropy dissipation estimates
for BGK models for one species of polyatomic
molecules from the literature
In a polyatomic gas there are two types of relaxations in order to reach equi-
librium. In a polyatomic gas, one expects that the distribution function relaxes
towards a Maxwell distribution. In addition, in a polyatomic gas, one has two
different temperatures, one temperature which is related to the translational
degrees of freedom and another temperature which is related to the degrees of
freedom in internal energy. In equilibrium, one expects that the two tempera-
tures are the same due to equipartition of energy. So one expects that the two
temperatures relax towards an equal value in addition to the relaxation of the
distribution functions to Maxwell distributions. Note that, there can be two
different cases. The speed of relaxation of the two temperatures to an equal
value can be slower or faster than the speed of relaxation to a Maxwell distri-
bution. In the following subsections, we analyse three models in the literature
for one species of polyatomic molecules whether they cover both cases meaning
if it is possible to describe both a faster and a slower relaxation of the temper-
atures. In addition, we prove the convergence rate to equilibrium in the space
homogeneous case for each model, and check, if the rate of convergence always
coincides with the slowest rate of relaxation.
2.1 The BGK model of Andries, Le Tallec, Perlat and
Perthame for one species of polyatomic molecules
We will now consider the BGK model for a single species of polyatomic molecules
presented in [1]. In [1], they actually present an ES-BGK model. But in order
to understand the effects leading to the relaxation of the distribution function
to a Maxwell distribution and the relaxation of the temperatures to an equal
value, we want to look at the corresponding simpler BGK model.
In [1], they consider a distribution function f(x, v, I, t) depending on the
position x ∈ R3, the velocity v ∈ R3 and internal energy ε(I) = I 2δ , I ∈ R+
at time t > 0. The coefficient δ denotes the number of degrees of freedom in
internal energy. In [1], it is assumed that the mass of the particles is equal to
1. In the following, we assume additionally that kB = 1 in this model. The
density ρ and mean velocity u are defined as
ρ(x, t) =
∫
f(x, v, I, t)dvdI, ρ(x, t)u(x, t) =
∫
f(x, v, I, t)vdvdI.
The energy is defined as
E(x, t) =
∫ ∫ (
1
2
|v|2 + I δ2
)
f(x, v, I, t)dvdI =
1
2
ρ(x, t)|u(x, t)|2+ρ(x, t)e(x, t).
3
The specific internal energy can be divided into
etr =
1
ρ
∫ ∫
1
2
|v − u|2fdvdI,
eint =
1
ρ
∫ ∫
I
2
δ fdvdI,
and associate with this the corresponding temperatures
e = etr + eint =
3 + δ
2
Tequ,
etr =
3
2
Ttr,
eint =
δ
2
Tint,
and define Trel = θTequ + (1 − θ)Tint, with 0 < θ ≤ 1. In [1] the following
Gaussian for the single species BGK model is considered
G˜[f ] =
ρΛδ√
2piT
3
1
T
δ
2
rel
exp
(
−1
2
|v − u|2
T
− I
δ
2
Trel
)
,
with the temperature T = (1 − θ)Ttr + θTequ. Λδ is a constant ensuring that
the integral of G˜[f ] with respect to v and I is equal to the density ρ. Then the
model is given by
∂tf + v · ∇xf = Aν(G˜[f ]− f)
with the collision frequency Aν .
For this model one can prove conservation of the number of particles, mo-
mentum and total energy, and an H-theorem such that the equilibrium is char-
acterized by a Maxwell distribution with equal temperatures Tequ = Ttr = Tint,
for details see section 3 in [1]. It is also ensured that there exists a unique mild
solution to this model. This is proven in [12].
The convex combination in θ takes into account that Ttr and Tint relax
towards the common value Tequ. In the space-homogeneous case we see that we
get the following macroscopic equations
∂tTtr = Aν(Ttr(1− θ) + θTequ − Ttr) = Aνθ(Tequ − Ttr),
∂tTint = Aνθ(Tequ − Tint),
These macroscopic equations describe a relaxation of Ttr and Tint towards Tequ.
We see that the model captures only the regime where this relaxation is slower
than the relaxation of the distribution function to a Maxwell distribution since
θ satisfies θ ≤ 1, so it reduces the speed of relaxation from Aν to Aνθ.
This model satiesfies the following assymptotic behaviour proven in [11] in
the space-homogeneous case.
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Theorem 2.1. Let 0 < θ ≤ 1. The distribution function for the spatially ho-
mogeneous case converges to equilibrium with the following rate:
||f(t)−M0,1||L1(dvdI) ≤ e−
θ
2Aνt
√
2H(f0|M0,1),
with the relative entropy H(f |g) = ∫ ∫ f ln fg dvdI for two functions f and g,
and the Maxwell distribution M0,1 given by
M0,1 =
ρΛδ
(2piTequ)3/2(Tequ)δ/2
e
− |v−u|22Tequ −
I2/δ
Tequ .
We observe that the property that the speed of relaxation of the tempera-
tures Ttr and Tint relax to the same temperature Tequ is slower than the speed of
relaxation to Maxwell distributions, is reflected in the convergence rate to equi-
librium. The rate of convergence depends on the factor θAν with 0 < θ ≤ 1.
2.2 The BGK model of Klingenberg, Pirner and Puppo
for one species of polyatomic molecules
In this section we will present the model from the literature for one species
described in [14]. For the convenience of the reader, we briefly repeat it here.
For more details and motivation for the choice of the model see [14].
Let x ∈ Rd and v ∈ Rd, d ∈ N be the phase space variables and t ≥ 0 the
time. Let l be the number of internal degrees of freedom. Further, η ∈ Rl
is the variable for the internal energy degrees of freedom. Then the kinetic
model has one distribution function f(x, v, η, t) < 0. Furthermore, for any
f : Λpoly ×Rd ×Rl ×R+0 ,Λpoly ⊂ Rd with (1 + |v|2 + |η|2)f ∈ L1(dvdη), f ≥ 0,
we relate the distribution functions to macroscopic quantities by mean-values
of f as follows
∫
f(v, η)

1
v
η
m|v − u|2
m|η − η¯|2
m(v − u(x, t)) ⊗ (v − u(x, t))
 dvdη =:

n
nu
nη¯
dnT t
lnT r
P
 , (1)
where n is the number density, u the mean velocity, η¯ the mean variable related
to the internal energy, T t the mean temperature of the translation, T r the mean
temperature of the internal energy degrees of freedom for example rotation or
vibration and P the pressure tensor. Note that in this paper we shall write T t
and T r instead of kBT
t and kBT
r, where kB is Boltzmann’s constant. In the
following, we always keep the term η¯ in order to cover the most general case, but
in [14], they require η¯ = 0, which means that the energy in rotations clockwise
is the same as in rotations counter clockwise. Similar for vibrations, whereas
in [17], it is shown that if one requires η¯ = ω with a fixed ω ∈ Rl such that
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|ω|2 = 2 p∞mn , this leads to a more general equation of state in equilibrium given
by p = nT + const.
We consider the model presented in [14] given by
∂tf + v · ∇xf = νn(M − f) (2)
with the Maxwell distribution
M(x, v, η, t) =
n√
2pi Λm
d
1√
2pi Θm
l
exp(−|v − u|
2
2 Λm
− |η − η¯|
2
2Θm
), (3)
where νn is the collision frequency. We couple this kinetic equation with an
algebraic equation for conservation of internal energy
d
2
nΛ =
d
2
nT t +
l
2
nT r − l
2
nΘk, (4)
and a relaxation equation ensuring that the two temperatures Λ and Θ relax to
the same value in equilibrium
∂tM + v · ∇xM = νn
Zr
d+ l
d
(M˜ −M) + νn(M − f),
Θk(0) = Θ
0
k
(5)
where Zr is a given parameter corresponding to the different rates of decays of
translational and rotational/vibrational degrees of freedom. Here M is given by
M(x, v, η, t) =
n√
2pi Λm
d
1√
2pi Θm
l
exp(−|v − u|
2
2 Λm
− |η − η¯|
2
2Θm
), (6)
and M˜ is given by
M˜ =
n√
2pi Tm
d+l
exp
(
−m|v − u|
2
2T
− m|ηl − η¯|
2
2T
)
, (7)
where T is the total equilibrium temperature and is given by
T :=
dΛ + lΘ
d+ l
=
dT t + lT r
d+ l
. (8)
The second equality follows from (4). The equation (5) is used to involve the
temperature Θ. If we multiply (5) by |η|2, integrate with respect to v and η
and use (8), we obtain
∂t(nΘ) +∇x · (nΘu) = νn
Zr
n(Λ −Θ) + νnn(Θ− T r) (9)
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The initial data of Λ is determined using (4). We see that in this model the
term νnZr
d+l
d (M˜ −M) describes the relaxation of the two temperatures Λ and
Θ to a common value. So the effect of the relaxation to common temperatures
here is done by coupling the BGK equation with an additional kinetic equa-
tion, whereas in the model presented in the previous section, the property was
described by a certain convex combination of the temperatures in the Maxwell
distribution.
If we look at this model, the main differences of the model in section 2.1
and the model here are the following. The model in section 2.1 has one scalar
variable I ∈ R+ for all degrees of freedom in internal energy and the model here
has one vector η ∈ Rl with one component to each degree of freedom in inter-
nal energy. If we take a component k, k ∈ {1, ...l} of η, then this component
squared represents the internal energy related to the internal degree of freedom
k. Moreover, the relaxation of the translational and rotational temperatures to
a common value is done in section 2.1 by introducing a relaxation temperature
Trel and in the model here it is done by the additional relaxation equation (5).
This model satisfies the following asymptotic behaviour in the space-homogeneous
case. Define 1z =
1
Zr
d+l
d . Then, we have
Theorem 2.2. Assume that T r, T t,Λ,Θ are the temperatures generated by so-
lutions of (2) coupled with (5) and (4). Assume that l ≥ 1 and that
T r ≥ cΘ with c = 1
l
(d+ l)2max
{
1,
A(t)
B(t)
}
.
Here, A(T ), B(T ) are some constants determined later. Moreover, assume 1z ≥
A(T )
B(T ) . Then, in the space homogeneous case, we have the following convergence
rate of the distribution function f :
||f −M ||L1(dv) ≤ 4e−
1
2Ct
(
H(f0|M˜0) + 3zH(M0|M˜0)
) 1
2
.
where C is given by
C = min
{
νn,
2c
3z
νn,
}
.
We do not show the proof here, because later in section 3, we will prove it
for a model for gas mixtures which contains this model here as a special case.
We see that the qualitative behaviour of the speed of convergence is different
for this model than for the model presented in subsection 2.1, since now, for
one species, the constant in the exponential function depends on the minimum
of the two different speed of relaxations ν11n1 and
ν11n1
z1
, so this means, if the
speed of relaxation of the two temperatures ν11n1z1 is slower than the speed of
relaxation to a Maxwell distribution ν11n1, the rate of convergence to equilib-
rium is related to the parameter z1, whereas, if the speed of relaxation of the
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two temperatures ν11n1z1 times is faster, the parameter zk has no influence and
the speed of convergence is determined by the speed of relaxation to Maxwell
distribution ν11n1. So we see that this model seems to choose a different rate
of convergence dependent on the fact which speed of relaxation is slower.
However, for the entropy dissipation estimates, we have to assume that zk
is small enough. So this model covers in principal only the regime where the
speed of relaxation of the temperatures is faster than the speed of relaxation
to Maxwell distributions. So it covers the opposite regime than the model
described in subsection 2.1.
2.3 The BGK model of Bernard, Iollo and Puppo for one
species of polyatomic molecules
In this section we will present the model from the literature for one species
described in [4]. For the convenience of the reader, we briefly repeat it here.
For more details and motivation for the choice of the model see [4].
Let x ∈ Rd and v ∈ Rd, d ∈ N be the phase space variables and t ≥ 0 the
time. Let l be the number of internal degrees of freedom. Further, η ∈ Rl
is the variable for the internal energy degrees of freedom. Then the kinetic
model has one distribution function f(x, v, η, t) < 0. Furthermore, for any
f : Λpoly ×Rd ×Rl ×R+0 ,Λpoly ⊂ Rd with (1 + |v|2 + |η|2)f ∈ L1(dvdη), f ≥ 0,
we relate the distribution functions to macroscopic quantities by mean-values
of f as it is done in (11).
Again, we always keep the term η¯ in order to cover the most general case,
but also in [4], they require η¯ = 0.
We consider the model presented in [4] given by (2) with the Maxwell dis-
tribution (3).
Again, we couple this kinetic equation with an algebraic equation for con-
servation of internal energy (4) and a relaxation equation ensuring that the two
temperatures Λ and Θ relax to the same value in equilibrium
∂tM + v · ∇xM = νn
Zr
d+ l
d
(M˜ −M),
Θk(0) = Θ
0
k
(10)
Here M is given by (6) and M˜ is given by (7) where T is the total equilibrium
temperature and is given by (8). So all in all, the model described in subsection
2.2 and 2.3 just differ in the evolution of Θ determined by the equation (5)
and (10), respectively. In (10), the term νn(M − f) is missing. This term was
introduced by extending the model in section 2.2 to gas mixtures. This can be
seen later in section 3.
This model satisfies the following asymptotic behaviour in the space-homogeneous
case.
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Theorem 2.3. Assume that (f,M) is a solution of (2) coupled with (10) and
(4). Then, in the space homogeneous case, we have the following convergence
rate of the distribution functions f :
||f − M˜ ||L1(dvdη) ≤ 4e
−
1
4
C˜t
(
H(f0|M˜0) + 2max{1, z}H(M0|M˜0)
) 1
2
.
where C˜ is given by
C˜ = min
{
νn,
νn
z
}
.
We do not show the proof here, because later in section 4, we will prove it
for a model for gas mixtures which contains this model here as a special case.
We observe that the qualitative behaviour of the convergence to equilibrium is
the same as in the model presented in section 2.2, but we do not have to assume
that zk has to be small. So this model for one species covers both regimes, the
regime where the speed of relaxation to a Maxwell distribution is fast that the
speed of relaxation of the two temperatures to an equal value, and the other
way round. And in addition, both regimes are reflected in the convergence rate
to equilibrium.
3 Entropy dissipation estimates for a BGKmodel
for gas mixtures of polyatomic molecules from
the literature
In this section we will present a model from the literature for gas mixtures of
polyatomic molecules. It is an extension of the model described in section 2.2
and is presented in [14]. For the convenience of the reader, we briefly repeat it
here. For more details and motivation for the choice of the model see [14]. For
simplicity, it is presented in the case of two species.
Let x ∈ Rd and v ∈ Rd, d ∈ N be the phase space variables and t ≥ 0
the time. Let M be the total number of different rotational and vibrational
degrees of freedom and lk the number of internal degrees of freedom of species
k, k = 1, 2. Note that the sum l1+ l2 is not necessarily equal to M , because M
counts only the different degrees of freedom in the internal energy, l1+ l2 counts
all degrees of freedom in the internal energy. For example, consider two species
consisting of diatomic molecules which have two rotational degrees of freedom.
In addition, the second species has one vibrational degree of freedom. Then we
have M = 3, l1 = 2, l2 = 3. Further, η ∈ RM is the variable for the internal
energy degrees of freedom, ηlk ∈ RM coincides with η in the components corre-
sponding to the internal degrees of freedom of species k and is zero in the other
components.
Since we want to describe two different species, our kinetic model has two distri-
bution functions f1(x, v, ηl1 , t) > 0 and f2(x, v, ηl2 , t) > 0. Furthermore, for any
f1, f2 : Λpoly×Rd×RM ×R+0 ,Λpoly ⊂ Rd with (1+ |v|2+ |ηlk |2)fk ∈ L1(dvdηlk ),
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f1, f2 ≥ 0, we relate the distribution functions to macroscopic quantities by
mean-values of fk, k = 1, 2 as follows
∫
fk(v, ηlk)

1
v
ηlk
mk|v − uk|2
mk|ηlk − η¯lk |2
mk(v − uk(x, t)) ⊗ (v − uk(x, t))
 dvdηlk =:

nk
nkuk
nkη¯lk
dnkT
t
k
lknkT
r
k
Pk
 , (11)
for k = 1, 2, where nk is the number density, uk the mean velocity, η¯lk the
mean variable related to the internal energy, T tk the mean temperature of the
translation, T rk the mean temperature of the internal energy degrees of freedom
for example rotation or vibration and Pk the pressure tensor of species k, k =
1, 2. Note that in this paper we shall write T tk and T
r
k instead of kBT
t
k and
kBT
r
k , where kB is Boltzmann’s constant. In the following, we always keep the
term η¯lk in order to cover the most general case.
We consider the model presented in [14] given by
∂tf1 + v · ∇xf1 = ν11n1(M1 − f1) + ν12n2(M12 − f1),
∂tf2 + v · ∇xf2 = ν22n2(M2 − f2) + ν21n1(M21 − f2),
f1(t = 0) = f
0
1 ,
f2(t = 0) = f
0
2
(12)
with the Maxwell distributions
Mk(x, v, ηlk , t) =
nk√
2pi Λkmk
d
1√
2pi Θkmk
lk
exp(−|v − uk|
2
2 Λkmk
− |ηlk − η¯lk |
2
2Θkmk
),
Mkj(x, v, ηlk , t) =
nkj√
2pi
Λkj
mk
d
1√
2pi
Θkj
mk
lk
exp(−|v − ukj |
2
2
Λkj
mk
− |ηlk − η¯1k,kj |
2
2
Θkj
mk
),
(13)
for j, k = 1, 2, j 6= k, where ν11n1 and ν22n2 are the collision frequencies of
the particles of each species with itself, while ν12n2 and ν21n1 are related to
interspecies collisions. To be flexible in choosing the relationship between the
collision frequencies, we now assume the relationship
ν12 = εν21, 0 <
l1
l1 + l2
ε ≤ 1. (14)
The restriction l1l1+l2 ε ≤ 1 is without loss of generality. If
l1
l1+l2
ε > 1, exchange
the notation 1 and 2 and choose 1ε . In addition, we assume that all collision
frequencies are positive. For the existence and uniqueness proof we assume the
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following restrictions on our collision frequencies
νjk(x, t)nk(x, t) = ν˜jk
nk(x, t)
n1(x, t) + n2(x, t)
, j, k = 1, 2 (15)
with constants ν˜11, ν˜12, ν˜21, ν˜22. We couple these kinetic equations with an al-
gebraic equation for conservation of internal energy
d
2
nkΛk =
d
2
nkT
t
k +
lk
2
nkT
r
k −
lk
2
nkΘk, k = 1, 2. (16)
and a relaxation equation ensuring that the two temperatures Λk and Θk relax
to the same value in equilibrium
∂tMk + v · ∇xMk = νkknk
Zkr
d+ lk
d
(M˜k −Mk) + νkknk(Mk − fk)
+ νkjnj(Mkj − fk),
Θk(0) = Θ
0
k
(17)
for j, k = 1, 2, j 6= k, where Zkr are given parameters corresponding to the
different rates of decays of translational and rotational/vibrational degrees of
freedom. Here Mk is given by
Mk(x, v, ηlk , t) =
nk√
2pi Λkmk
d
1√
2pi Θkmk
lk
exp(−|v − uk|
2
2 Λkmk
− |ηlk − η¯lk |
2
2Θkmk
), k = 1, 2,
(18)
and M˜k is given by
M˜k =
nk√
2pi Tkmk
d+lk
exp
(
−mk|v − uk|
2
2Tk
− mk|ηlk − η¯lk,kj |
2
2Tk
)
, k = 1, 2, (19)
where Tk is the total equilibrium temperature and is given by
Tk :=
dΛk + lkΘk
d+ lk
=
dT tk + lkT
r
k
d+ lk
. (20)
The second equality follows from (16). The equation (17) is used to involve the
temperature Θk. If we multiply (17) by |ηlk |2, integrate with respect to v and
ηlk and use (20), we obtain
∂t(nkΘk) +∇x · (nkΘkuk) = νkknk
Zkr
nk(Λk −Θk) + νkknknk(Θk − T rk )
+ νkjnjnk(Θkj − T rk ).
(21)
for k = 1, 2. The initial data of Λk is determined using (16). We see that
in this model the term νkknk
Zkr
d+lk
d (M˜k − Mk) describes the relaxation of the
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two temperatures Λk and Θk to a common value. So again, the effect of the
relaxation to common temperatures here is done by coupling the BGK equation
with an additional kinetic equation.
In addition, (12) and (17) are consistent. If we multiply the equations for
species k of (12) and (17) by v and integrate with respect to v and ηlk , we get
in both cases for the right-hand side
νkjnjnk(ujk − uk),
and if we compute the total internal energy of both equations, we obtain in both
cases
1
2
νkjnknj [dΛjk + ljΘjk − (dΛj + ljΘj)].
This is shown in section 3.1 in theorem 3.2 in [14]. This was the reason for
adding the additional term νkjnj(Mkj − fk) in (17). Then, in order to treat
the two types of interactions, interaction of a species with itself and interactions
with the other species, the term νkknk(Mk − fk) was added, too, even in the
one species model. This is the reason, why the model in section 2.2 differs from
the model in 2.3.
In the following we will recall some properties of this model which we will
need later for the proof of the convergence rate to equilibrium.
3.1 Conservation properties
The Maxwell distributions M1 and M2 in (13) have the same densities, mean
velocities and internal energies as f1 and f2, respectively. With this choice, we
guarantee the conservation of the number of particles, momentum and internal
energy in interactions of one species with itself (see section 3.2 in [14]). The re-
maining parameters n12, n21, u12, u21,Λ12,Λ21,Θ12 and Θ21 will be determined
using conservation of the number of particles, of total momentum and total
energy, together with some symmetry considerations.
If we assume that
n12 = n1 and n21 = n2, (22)
we have conservation of the number of particles, see theorem 2.1 in [13]. If we
further assume
u12 = δu1 + (1− δ)u2, δ ∈ R, (23)
then we have conservation of total momentum provided that
u21 = u2 − m1
m2
ε(1− δ)(u2 − u1), (24)
see theorem 2.2 in [13]. We also need corresponding definitions for η¯l1,12 and
η¯l2,21. This is done in the next definition.
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Definition 3.1. We consider
η¯12 = βη¯l1 + (1− β)η¯l2 , β ∈ R,
and define η¯l1,12 as the vector which is equal to η¯12 in the components where ηl1
coincides with η and zero otherwise. In addition, consider
η¯21 = η¯l2 −
m1
m2
ε(1− β)(η¯l2 − η¯l1)
and define η¯l2,21 as the vector which is equal to η¯21 in the components where ηl2
coincides with η and zero otherwise.
Similar as in the case of the mean velocities one can prove that this definition
leads to conservation of momentum. If we further assume that Λ12 and Θ12 are
of the following form
Λ12 = αΛ1 + (1− α)Λ2 + γ|u1 − u2|2, 0 ≤ α ≤ 1, γ ≥ 0,
Θ12 =
l1Θ1 + l2Θ2
l1 + l2
+ γ˜|η¯l1 − η¯l2 |2, γ˜ ≥ 0,
(25)
then we have conservation of total energy and a uniform choice of the temper-
atures provided that
Λ21 =
[
1
d
εm1(1 − δ)
(
m1
m2
ε(δ − 1) + δ + 1
)
− εγ
]
|u1 − u2|2
+ ε(1− α)Λ1 + (1 − ε(1− α))Λ2,
Θ21 = ε
l1
l1 + l2
Θ1 +
(
1− ε l1
l1 + l2
)
Θ2 − l1
l2
εγ˜|η¯l1 − η¯l2 |2
− εm1
l2
(|η¯l1,12|2 − |η¯l1 |2)−
m2
l2
(|η¯l2,21|2 − |η¯l2 |2)
(26)
see theorem 3.2 and remark 3.2 in [14]. In order to ensure the positivity of all
temperatures, we need to restrict δ, β, γ and γ˜ to
0 ≤ γ ≤ m1
d
(1− δ)
[
(1 +
m1
m2
ε)δ + 1− m1
m2
ε
]
,
0 ≤ γ˜ ≤ m1
l1
(1− β)
[
(1 +
m1
m2
ε)β + 1− m1
m2
ε
]
,
(27)
and
m1
m2
ε− 1
1 + m1m2 ε
≤ δ ≤ 1,
m1
m2
ε− 1
1 + m1m2 ε
≤ β ≤ 1, (28)
see theorem 2.5 in [13] for N = 3 in the mono-atomic case.
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3.2 Existence and uniqueness of mild solutions
The existence and uniqueness of mild solutions of the model presented here, was
established in [17].
Theorem 3.1. Under certain assumption on the initial data, the domain in
space and the collision frequencies (see [17] for the details), the definitions (11),
(22), (23), (24), (25) and (26), there exists a unique non-negative mild solution
(f1, f2, g1, g2) ∈ C(R+;L1((1 + |v|2)dvdx)) of the initial value problem (12)
coupled with (17) and (16). Moreover, for all t > 0 the following bounds hold:
|uk(t)|, |u12(t)|, |u21(t)|, |ηlk |, |η¯lk |, |η¯lk |, Tk(t), T12(t), T21(t), Nq(fk)(t) ≤ A(t) <∞,
nk(t) ≥ C0e−(ν˜kk+ν˜kj)t > 0,
Tk(t),Λk(t),Θk(t),Λ12(t),Θ12(t),Λ21(t),Θ21(t) ≥ B(t) > 0,
for k = 1, 2 and some constants A(t), B(t) given by
A(t) = CeCt, B(t) = Ce−Ct, C > 0
3.3 Equilibrium, H-theorem and entropy inequality
In [14], the following characterization of equilibrium and the H-theorem is
proven.
Theorem 3.2 (Equilibrium). Assume f1, f2 > 0 with f1 and f2 independent
of x and t. Assume the conditions (22), (23), (24), (25) and (26), δ 6= 1, α 6=
1, l1, l2 6= 0, so that all temperatures are positive.
Then f1 and f2 are Maxwell distributions with equal mean velocities u :=
u1 = u2 = u12 = u21 and temperatures T := T
r
1 = T
r
2 = T
t
1 = T
t
2 = Λ1 = Λ2 =
Θ1 = Θ2 = Θ12 = Θ21 = Λ12 = Λ21. This means fk is given by
Mk(x, v, ηlk , t) =
nk√
2pi Tmk
d
1√
2pi Tmk
lk
exp(−|v − u|
2
2 Tmk
− |ηlk − η¯lk |
2
2 Tmk
), k = 1, 2.
Lemma 3.3 (Contribution to the H-theorem from the one species relaxation
terms). Assume f1, f2 > 0. Then∫
ln fk(Mk − fk)dvdηlk +
∫
lnMk(M˜k −Mk)dvdηlk ≤ 0, k = 1, 2,
with equality if and only if Mk = fk and Λk = Θk = T
r
k = T
t
k.
Theorem 3.4 (H-theorem for mixture). Assume f1, f2 > 0. Assume ν11n1 ≥
ν12n2, ν22n2 ≥ ν21n1, α, δ 6= 1, l1, l2 6= 0. Assume the relationship between the
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collision frequencies (14), the conditions for the interspecies Maxwellians (22),
(23), (24), (25) and (26) and the positivity of all temperatures, then
2∑
k=1
[νkknk
∫
(Mk − fk) ln fkdvdηlk + νkknk
∫
(M˜k −Mk) lnMkdvdηlk ]
+ν11n1
∫
(M˜1 −M1) lnM1dvdηl1 + ν22n2
∫
(M˜2 −M2) lnM2dvdηl2
+ν12n2
∫
(M12 − f1) ln f1dvdηl1 + ν21n1
∫
(M21 − f2) ln f2dvdηl2 ≤ 0,
with equality if and only if f1 and f2 are Maxwell distributions with equal mean
velocities and all temperatures coincide.
Define 1zk :=
1
Zrk
d+lk
d , k = 1, 2 and the total entropy
H(f1, f2) =
∫
(f1 ln f1 + 3z1M1 lnM1)dvdηl1 +
∫
(f2 ln f2 + 3z2M2 lnM2)dvdηl2 .
Corollary 3.1 (Entropy inequality for mixtures). Assume f1, f2 > 0, Λk and
Θk are bounded from below and above and T
r
k ≥ C˜Θk for an appropriate C˜
and zk small enough. Assume relationship (14), the conditions (22), (23), (24),
(25) and (26) and the positivity of all temperatures, then we have the following
entropy inequality
∂t (H(f1, f2))
+∇x ·
(∫
v(f1 ln f1 + 3z1M1 lnM1)dvdηl1 +
∫
v(f2 ln f2 + 3z2M2 lnM2)dvdηl2
)
≤ 0,
with equality if and only if f1 and f2 are Maxwell distribution and all tempera-
tures coincide.
3.4 Entropy dissipation estimates and convergence rate to
equilibrium
In the following we will prove three lemmas which will be used to prove the
convergence rate to equilibrium for the model in this subsection.
Lemma 3.5. Assume that f1, f2 > 0. Let M˜k be the Maxwellian defined by
(19) and M˜kj the Maxwellian defined in (44). Then∫
M˜k ln M˜kdvdηlk ≤
∫
Mk lnMkdvdηlk ,
for k, j = 1, 2, k 6= j.
Proof. Using that lnMk = ln(
nk√
2pi
Λk
mk
n
1√
2pi
Θk
mk
lk
)− |v−uk|2
2
Λk
mk
− |ηlk |
2
2
Θk
mk
and ln M˜k =
ln( nk√
2pi
1
n+lk
(dΛk+lkΘk)
mk
lk+d
) − |v−uk|2
2
1
d+lk
(dΛk+lkΘk)
mk
− |ηlk |
2
2
1
d+lk
(dΛk+lkΘk)
mk
, we compute the
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integrals and obtain that the required inequality is equivalent to
ln(
nk√
2pi
1
d+lk
(dΛk+lkΘk)
mk
d+lk
) ≤ ln( nk√
2pi Λkmk
d
1√
2pi Θkmk
lk
)
which is equivalent to the condition
d+ lk
2
ln(
1
d+ lk
(dΛk + lkΘk)) ≥ d
2
lnΛk +
lk
2
lnΘk
This is true since ln is a concave function.
Lemma 3.6. Assume that T rk , T
t
k,Λk,Θk are the temperatures generated by
solutions of (12) coupled with (17) and (16). Assume that lk ≥ 1 and that
T rk ≥ ckΘk with ck =
1
lk
(d+ lk)
2max
{
1,
A(t)
B(t)
}
, (29)
with A and B specified in theorem 3.1. Then we have
d
2
Tk
Λk
+
lk
2
Tk
Θk
≥ d+ lk
2
(30)
νkknk
(
d
2
T tk
Λk
+
lk
2
T rk
Θk
)
+ νkjnj
(
d
2
T tk
Λk
+
lk
2
T rk
Θk
)
≥ νkknk d+ lk
2
+ νkjnj
(
d
2
Λkj
Λk
+
lk
2
Θkj
Θk
) (31)
Proof. For the first estimate we use the positivity of the term d2
Tk
Λk
, assumption
(29), the definition of Tk given by (20), the positivity of T
r
k and the assumption
lk ≥ 1 to obtain
d
2
Tk
Λk
+
lk
2
Tk
Θk
≥ lk
2
Tk
1
ck
T rk
≥ l
2
k
2
ck
lk + d
=
lk
2
(d+ lk)max
{
1,
A(t)
B(t)
}
≥ d+ lk
2
For the second estimate, we first use the estimates of theorem 3.1 to obtain
νkknk
d+ lk
2
+ νkjnj
(
d
2
Λkj
Λk
+
lk
2
Θkj
Θk
)
≤ νkknk d+ lk
2
+ νkjnj
(
d
2
A(t)
B(t)
+
lk
2
A(t)
B(t)
)
≤ (νkknk + νkjnj)max
{
1,
A(t)
B(t)
}
d+ lk
2
(32)
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and using the positivity of the term d2
T tk
Λk
and assumption (29) leads to
(νkknk + νkjnj)
(
d
2
T tk
Λk
+
lk
2
T rk
Θk
)
≥ (νkknk + νkjnj) lk
2
ck
= (νkknk + νkjnj)
(d+ lk)
2
2
max
{
1,
A(t)
B(t)
}
Since this is larger than (32), we get the claimed inequality.
We denote by Hk(fk) =
∫ ∫
fk ln fkdvdηlk the entropy of a function fk and
by Hk(fk|gk) =
∫ ∫
fk ln
fk
gk
dvdηlk the relative entropy of fk and gk.
Lemma 3.7. Assume that T rk , T
t
k,Λk,Θk are the temperatures generated by
solutions of (12) coupled with (17) and (16). Assume the condition (15) and
that lk ≥ 1 and assume the inequality (29). Let t ∈ [0, T ]. Then, if
νkknk
zk
≥ (ν˜kk + ν˜kj)A(T )
B(T )
,
zk satisfies
zk ≤
νkknk(
d
2
Tk
Λk
+ lk
2
Tk
Θk
− d+lk
2
)
νkknk
(
d
2
T t
k
Λk
+ lk
2
Tr
k
Θk
)
+ νkjnj
(
d
2
T t
k
Λk
+ lk
2
Tr
k
Θk
)
− νkknk
d+lk
2
− νkjnj
(
d
2
Λkj
Λk
+ lk
2
Θkj
Θk
)
(33)
Proof. According to lemma 3.6 the claimed upper bound of zk is non-negative.
The proof of lemma 3.6 even leads to the better estimate
zk ≤ ν˜kknkTk
(ν˜kknk + ν˜kjnj)T tk
by not estimating the terms d2
Tk
Λk
and d2
T tk
Λk
by zero from below. Note, that
we also used the condition (15). Using the estimates from theorem 3.1, we
guarantee (33) if zk satisfies
zk ≤ ν˜kknkB(t)
(ν˜kknk + ν˜kjnj)A(t)
which is equivalent to the assumed inequality
νkknk
zk
≥ (ν˜kk + ν˜kj)A(T )
B(T )
,
since A(t)B(t) is monotone increasing and
nk
nk+nj
,
nj
nk+nj
≤ 1.
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Lemma 3.8. Assume that T rk , T
t
k,Λk,Θk are the temperatures generated by
solutions of (12) coupled with (17) and (16). Assume that lk ≥ 1 and that
T rk ≥ ckΘk with ck =
1
lk
(d+ lk)
2max
{
1,
A(t)
B(t)
}
.
Moreover, assume νkknkzk ≥ (ν˜kk + ν˜kj)
A(T )
B(T ) , then the following inequality is
satisfied.
νkknk
∫ ∫
lnMk(M˜k −Mk)dvdηlk + 3zk
∫ ∫
νkjnk lnMk(Mk − fk)dvdηlk
+3zk
∫ ∫
νkjnj lnMk(Mkj − fk)dvηlk ≤ 0
Proof. By using that lnMk = ln(
nk√
2piΛk
d
1√
2piΘk
lk
)− |v−uk|22Λk/mk −
|ηlk−η¯lk |2
2Θk/mk
and the
definitions of the macroscopic quantities of fk,Mk, M˜k andMkj , we obtain that
the integrals are given by
−νkknk
(
d
2
Tk
Λk
+
lk
2
Tk
Θk
− d+ lk
2
)
+ 3zkνkknk
(
d
2
T tk
Λk
+
lk
2
T rk
Θk
)
+3zkνkjnj
(
d
2
T tk
Λk
+
lk
2
T rk
Θk
)
− 3zkνkknk d+ lk
2
− 3zkνkjnj
(
d
2
Λkj
Λk
+
lk
2
Θkj
Θk
)
This term is non-negative if zk satisfies (33). The transformation to (33) is
possible since both the nominator and the denominator are positive according
to lemma 3.6. The inequality (33) is true according to lemma 3.7.
Theorem 3.9. Assume that T rk , T
t
k,Λk,Θk are the temperatures generated by
solutions of (12) coupled with (17) and (16). Assume νkknk ≥ νkjnj + cνkknk,
0 < c < 1, k, j = 1, 2, k 6= j, and assume that lk ≥ 1 and that
T rk ≥ ckΘk with ck =
1
lk
(d+ lk)
2max
{
1,
A(t)
B(t)
}
.
Moreover, assume νkknkzk ≥ (ν˜kk + ν˜kj)
A(T )
B(T ) . Then, in the space homogeneous
case, we have the following convergence rate of the distribution functions f1 and
f2:
||fk −Mk||L1(dv) ≤ 4e−
1
2Ct
(
2∑
k=1
(
Hk(f
0
k |M˜0k ) + 3zkHk(M0k |M˜0k )
)) 12
.
where C is given by
C = min
{
ν11n1 + ν12n2, ν22n2 + ν21n1,
2c
3z1
ν11n1,
2c
3z2
ν22n2
}
.
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Proof. We consider the entropy production of species 1 defined by
D1(f1, f2) =−
∫ ∫
ν11n1 ln f1 (M1 − f1)dvdηl1
−
∫ ∫
ν12n2 ln f1 (M12 − f1)dvdηl1
− 3
∫ ∫
ν11n1(M˜1 −M1) lnM1dvdηl1
− 3z1
∫ ∫
ν11n1(M1 − f1) lnM1dvdηl1
− 3z1
∫ ∫
ν12n2(M12 − f1) lnM1dvdηl1 .
Define the function h(x) := x lnx− x. The function satisfies h′(x) = lnx, so we
can deduce
D1(f1, f2) =−
∫ ∫
ν11n1h
′(f1)(M1 − f1)dvdηl1
−
∫ ∫
ν12n2h
′(f1)(M12 − f1)dvdηl1
− 3
∫ ∫
ν11n1(M˜1 −M1)h′(M1)dvdηl1
− 3z1
∫ ∫
ν12n1h
′(M1)(M1 − f1)dvdηl1
− 3z1
∫ ∫
ν12n2h
′(M1)(M12 − f1)dvdηl1 .
Since h is convex, we obtain
D1(f1, f2) ≥
∫ ∫
ν11n1(h(f1)− h(M1))dvdηl1
+
∫ ∫
ν12n2(h(f1)− h(M12))dvdηl1
+ 2
∫ ∫
ν11n1(h(M1)− h(M˜1))dvdηl1
−
∫ ∫
ν11n1(M˜1 −M1)h′(M1)dvdηl1
− 3z1
∫ ∫
ν12n1h
′(M1)(M1 − f1)dvdηl1
− 3z1
∫ ∫
ν12n2h
′(M1)(M12 − f1)dvdηl1 .
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According to lemma 3.8, the last three terms are positive and we obtain
D1(f1, f2) ≥
∫ ∫
ν11n1(h(f1)− h(M1))dvdηl1
+
∫ ∫
ν12n2(h(f1)− h(M12))dvdηl1
+ 2
∫ ∫
ν11n1(h(M1)− h(M˜1))dvdηl1
= ν11n1(H(f1)−H(M1)) + ν12n2(H(f1)−H(M12))
+ 2ν11n1(H(M1)−H(M˜1)).
(34)
In the same way we get a similar expression for D2(f2, f1) just exchanging the
indices 1 and 2.
According to lemma 3.5 in [14], we see that
ν12n2H(M12) + ν21n1H(M21) ≤ ν12n2H(M1) + ν12n1H(M2). (35)
With (35), we can deduce from (34) that
D1(f1, f2) +D2(f2, f1) ≥ (ν11n1 + ν12n2) (H(f1)−H(M1))
+ (ν22n2 + ν21n1) (H(f2)−H(M2)) + 2
2∑
k=1
νkknk(H(Mk)−H(M˜k)).
According to lemma 3.5, the last term on the right- hand side is non-negative.
Therefore, we can use the assumption that νkknk ≥ νkjnj + cνkknk, k, j =
1, 2, k 6= j, and get
D1(f1, f2) +D2(f2, f1) ≥ (ν11n1 + ν12n2)(H(f1)−H(M˜1))
+ (ν22n2 + ν21n1)(H(f2)−H(M˜2)) + c
2∑
k=1
νkknk(H(Mk)−H(M˜k))
(36)
Now, we want to consider the time derivative of the relative entropies
Hk(fk|M˜k) + 3zkHk(Mk|M˜k) = H(fk)−H(M˜k) + 3zk(H(Mk)−H(M˜k))
=
∫ ∫
fk ln
fk
M˜k
dvdηlk + 3zk
∫ ∫
Mk ln
Mk
M˜k
dvdηlk
for k = 1, 2. The last equality follows from the fact that fk,Mk and M˜k have the
same densities, mean velocities and internal energies. We want to relate these
functions to the entropy production in the following. First, we use product rule
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and obtain
d
dt
(
2∑
k=1
(∫ ∫
fk ln
fk
M˜k
dvdηlk +
∫ ∫
Mk ln
Mk
M˜k
dvdηlk
))
=
∫ ∫ (
∂tf1 ln f1 + ∂tf1 − ∂tf1 ln M˜1 − f1
M˜1
∂tM˜1
)
dvdηl1
+
∫ ∫ (
∂tf2 ln f2 + ∂tf2 − ∂tf2 ln M˜2 − f2
M˜2
∂tM˜2
)
dvdηl2
+
∫ ∫ (
∂tM1 lnM1 + ∂tM1 − ∂tM1 ln M˜1 − M1
M˜1
∂tM˜1
)
dvdηl1
+
∫ ∫ (
∂tM2 lnM2 + ∂tM2 − ∂tM2 ln M˜2 − M2
M˜2
∂tM˜2
)
dvdηl2
(37)
The terms
∫ ∫
∂tfkdvdηlk and
∫ ∫
∂tMkdvdηlk vanish since the densities are
constant in the space homogeneous case. By using the explicit expression of
∂tM˜k given by
∂tM˜k =
(∂tnk
nk
+
v − uk
Tk/mk
· ∂tuk +
ηlk − η¯lk
Tk/mk
· ∂tη¯lk
+
(
|v − uk|
2 + |ηlk − η¯lk |
2
2(Tk/mk)2
−
lk + d
2Tk/mk
)
∂tTk/mk
)
Mk,
(38)
we can compute by using that fk, Mk and M˜k have the same densities, mean
velocities and internal energies that∫
fk
∂tM˜k
M˜k
dvdηlk =
∫
Mk
∂tM˜k
M˜k
dvdηlk = ∂tnk = 0, k = 1, 2,
since nk is constant in the space-homogeneous case. On the right-hand side of
(37), we insert ∂tf1 and ∂tf2, and ∂tM1 and ∂tM2 from equation (12) and and
obtain
d
dt
(
2∑
k=1
(
Hk(fk|M˜k) + 3zkHk(Mk|M˜k)
))
=
∫ ∫
(ν11n1(M1 − f1) + ν12n2(M12 − f1)) ln f1dvdηl1
+
∫ ∫
(ν22n2(M2 − f2) + ν21n2(M21 − f2)) ln f2dvdηl2
+ 3
∫ ∫
(ν11n1(M˜1 −M1) + ν11n1(M1 − f1) + ν12n2(M12 − f1)) lnM1dvdηl1
+ 3
∫ ∫
(ν22n2(M˜2 −M2) + ν22n2(M2 − f2) + ν21n1(M21 − f2)) lnM2dvdηl2 .
Indeed, the terms with ln M˜1 and ln M˜2 vanish since ln M˜1 and ln M˜2 are a linear
combination of 1, v and |v|2 + |ηlk |2 and our model satisfies the conservation of
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the number of particles, total momentum and total energy (see section 3.1 in
[14]). All in all, we obtain
d
dt
(
2∑
k=1
(
Hk(fk|M˜k) + 3zkHk(Mk|M˜k)
))
= −(D1(f1, f2) +D2(f2, f1)). (39)
Using (36) we obtain
d
dt
(
2∑
k=1
(
Hk(fk|M˜k) + 3zkHk(Mk|M˜k)
))
≤ −
[
(ν11n1 + ν12n2)H(f1|M˜1) + (ν22n2 + ν21n1)H(f2|M˜2) + c
2∑
k=1
νkknkH(Mk|M˜k)
]
≤ −min
{
ν11n1 + ν12n2, ν22n2 + ν21n1,
c
3z1
ν11n1,
c
3z2
ν22n2
}
(H(f1|M˜1) +H(f2|M˜2) + 3(z1H1(M1|M˜1) + z2H2(M2|M˜2))
≤ − c
3
min
{
ν11n1 + ν12n2, ν22n2 + ν21n1,
1
z1
ν11n1,
1
z2
ν22n2
}
(H(f1|M˜1) +H(f2|M˜2) + 3zk(H1(M1|M˜1) +H2(M2|M˜2).
Define C := min
{
ν11n1 + ν12n2, ν22n2 + ν21n1,
1
z1
ν11n1,
1
z2
ν22n2
}
, then we
can deduce an exponential decay with Gronwall’s inequality
H(fk|M˜k) ≤
(
2∑
k=1
(
Hk(fk|M˜k) + 3zkHk(Mk|M˜k)
))
≤ e− 2c3 Ct
(
2∑
k=1
(
Hk(f
0
k |M˜0k ) + 3zkHk(M0k |M˜0k )
))
, k = 1, 2.
With the Ciszar-Kullback inequality (see [15]) we get
||fk −Mk||L1(dv) ≤ 4(H(fk|M˜k))
1
2
≤ 4e− c3Ct[
(
2∑
k=1
(
Hk(f
0
k |M˜0k ) + 3zkHk(M0k |M˜0k )
))
]
1
2 .
Remark 3.1. If we look at the proof of theorem 3.9 and the proof of the H-
theorem, we see that the restriction on zk appears due to the additional terms
νkknk(Mkk−fk) and νkjnj(Mkj−fk). These terms were added in the extension
to gas mixtures in order to ensure that the time evolution of the mean velocity
and the internal energy are the same using (12) or (17). The original model for
one species presented in [4] and section 2.2 does not have this term.
Now, the question is if we can find a BGK model for gas mixtures which
captures both regimes, slow and fast relaxation of the temperatures, and leads
to a reasonable convergence rate to equilibrium. Remark 3.1 indicates that for
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one species the model in section 2.2 does satisfy both of this required properties,
only the extension to gas mixtures fails, because of these additional terms. This
motivates us to another extension to gas mixtures which satisfies conservation
properties, but also an H-theorem with less assumptions than the model in
[14], which covers both regimes and produces a reasonable convergence rate to
equilibrium. This is presented in the next section.
4 A new model for gas mixtures which captures
both slow and fast relaxation of the tempera-
tures
Again we consider the following two kinetic equations as in section 3.
∂tf1 + v · ∇xf1 = ν11n1(M1 − f1) + ν12n2(M12 − f1),
∂tf2 + v · ∇xf2 = ν22n2(M2 − f2) + ν21n1(M21 − f2),
f1(t = 0) = f
0
1 ,
f2(t = 0) = f
0
2
(40)
with the Maxwell distributions
Mk(x, v, ηlk , t) =
nk√
2pi Λkmk
d
1√
2pi Θkmk
lk
exp(−|v − uk|
2
2 Λkmk
− |ηlk − η¯lk |
2
2Θkmk
),
Mkj(x, v, ηlk , t) =
nkj√
2pi
Λkj
mk
d
1√
2pi
Θkj
mk
lk
exp(−|v − ukj |
2
2
Λkj
mk
− |ηlk − η¯lk,kj |
2
2
Θkj
mk
),
(41)
for j, k = 1, 2, j 6= k with the condition
ν12 = εν21, 0 <
l1
l1 + l2
ε ≤ 1. (42)
Again the equation is coupled with conservation of internal energy (16), but we
replace the relaxation equation (17) by the following modified version
∂tMk + v · ∇xMk = νkknk
Zkr
d+ lk
d
(M˜k −Mk) + νkjnj(M˜kj −Mk),
Θk(0) = Θ
0
k
(43)
for j, k = 1, 2, j 6= k. Here Mk is still defined by (18) and M˜k by (19). The
additional M˜kj is defined by
M˜kj =
nk√
2pi
Tkj
mk
d+lk
exp
(
−mk|v − ukj |
2
2Tkj
− mk|ηlk − η¯lk,kj |
2
2Tkj
)
, k = 1, 2.
(44)
23
where Tkj is given by
Tkj :=
dΛkj + lkΘkj
d+ lk
. (45)
Now, this means that we use equation (43) instead of (17) to involve the tem-
perature Θk. If we multiply (43) by |ηlk |2, integrate with respect to v and ηlk
and use (20), we now obtain
∂t(nkΘk) +∇x · (nkΘkuk) = νkknk
Zkr
nk(Λk −Θk) + νkjnjnk(Tkj −Θk). (46)
for k = 1, 2. Λk is still determined using equation (16).
In addition, (12) and (17) are still consistent. If we multiply the equations
for species k of (12) and (17) by v and integrate with respect to v and ηlk , we
get in both cases for the right-hand side
νkjnjnk(ujk − uk),
and if we compute the total internal energy of both equations, we obtain in both
cases
1
2
νkjnknj [dΛjk + ljΘjk − (dΛj + ljΘj)],
by the use of (16).
Since, we did not change equation (13), we still have conservation of the
number of particles if we assume (22), conservation of total momentum if we
assume (23), (24) and conservation of total energy if we assume (25) and (26).
The existence and uniqueness of mild solutions of this modified model is
proven in [17].
4.1 Equilibrium, H-theorem and entropy inequality
The mew model has the following characterization of equilibrium
Theorem 4.1 (Equilibrium). Assume f1, f2 > 0 with f1 and f2 independent
of x and t. Assume the conditions (22), (23), (24), (25) and (26), δ 6= 1, α 6=
1, l1, l2 6= 0, so that all temperatures are positive.
Then f1 and f2 are Maxwell distributions with equal mean velocities u1 =
u2 = u12 = u21 and temperatures T := T
r
1 = T
r
2 = T
t
1 = T
t
2 = Λ1 = Λ2 = Θ1 =
Θ2 = Θ12 = Θ21 = Λ12 = Λ21. This means fk is given by
Mk(x, v, ηlk , t) =
nk√
2pi Tmk
d
1√
2pi Tmk
lk
exp(−|v − u|
2
2 Tmk
− |ηlk |
2
2 Tmk
), k = 1, 2.
Proof. Equilibrium means that f1, f2,Λ1,Λ2,Θ1,Θ2 are independent of x and
t. Thus in equilibrium the right-hand side of the equations (40) and (43) have
to be zero. From the right-hand side of equation (43), we obtain
νkknk
Zkr
(M˜k −Mk) + νkjnj d+ lk
d
(M˜kj −Mk) = 0 (47)
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If we compute the internal energy of this expression, we obtain
lkΘkj + dΛkj = dΛj + lkΘk (48)
If we now compute the rotational and vibrational temperature of (47), and use
(48), we obtain
Λk = Θk (49)
For the other equalities one has to prove, we only use (49) and the equation
(40). But since the equation (40) has not changed compared to the old model
in section 3, the rest of the proof is exactly the same as in the proof of theorem
3.2.
Next, we want to prove the H-theorem for the modified model.
Theorem 4.2 (H-theorem for mixture). Assume f1, f2 > 0. Assume α, δ 6=
1, l1, l2 6= 0. Assume the relationship between the collision frequencies (14), the
conditions for the interspecies Maxwellians (22), (23), (24), (25) and (26) and
the positivity of all temperatures, then
2∑
k=1
[νkknk
∫ ∫
(Mk − fk) ln fkdvdηlk
+
νkknkmax{1, z1, z2}
zk
∫ ∫
(M˜k −Mk) lnMkdvdηlk ]
+ ν12n1max{1, z1, z2}
∫ ∫
(M˜12 −M1) lnM1dvdηl1
+ ν21n2max{1, z1, z2}
∫ ∫
(M˜21 −M2) lnM2dvdηl2
+ ν12n2
∫ ∫
(M12 − f1) ln f1dvdηl1 + ν21n1
∫ ∫
(M21 − f2) ln f2dvdηl2 ≤ 0,
with equality if and only if f1 and f2 are Maxwell distributions with equal mean
velocities and all temperatures coincide.
Proof. The fact that νkknk
∫ ∫
(Mk−fk) ln fkdvdηlk+ νkknkmax{1,z1,z2}zk
∫ ∫
(M˜k−
Mk) lnMkdvdηlk ≤ 0, k = 1, 2 can be proven in the same way as lemma 3.3. In
the second step of the proof of lemma 3.3, we can use the first inequality of
lemma 3.1 and therefore max{1,z1,z2}zk can be estimated from below by 1.
It remains to prove that the rest is non-positive. Let us define
S := ν12n2max{1, z1, z2}
∫ ∫
(M˜12 −M1) lnM1dvdηl1
+ν21n1max{1, z1, z2}
∫ ∫
(M˜21 −M2) lnM2dvdηl2
+ν12n2
∫ ∫
(M12 − f1) ln f1dvdηl1 + ν21n1
∫ ∫
(M21 − f2) ln f2dvdηl2
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The task is to prove that S ≤ 0. Since the function h(x) = x ln x− x is strictly
convex for x > 0, we have h′(f)(g − f) ≤ h(g)− h(f) with equality if and only
if g = f . So
(g − f) ln f ≤ g ln g − f ln f + f − g (50)
Consider now S and apply the inequality (50) to each of the terms in S.
ν12n2max{1, z1, z2}[
∫ ∫
M˜12 ln M˜12dvdηl1 −
∫ ∫
M1 lnM1dvdηl1
+
∫ ∫
M1dvdηl1 −
∫ ∫
M˜12dvdηl1 ]
+ν12n2max{1, z1, z2}[
∫ ∫
M˜21 ln M˜21dvdηl2 −
∫ ∫
M2 lnM2dvdηl2
+
∫ ∫
M2dvη −
∫ ∫
M˜21dvdηl2 ]
+ν12n2[
∫ ∫
M12 lnM12dvdηl1 −
∫ ∫
f1 ln f1dvdηl1 +
∫ ∫
f1dvdηl1 −
∫ ∫
M12dvdηl1 ]
+ν21n1[
∫ ∫
M21 lnM21dvdηl2 −
∫ ∫
f2 ln f2dvdηl2 +
∫
f2dvdηl2 −
∫
M21dvdηl2 ],
with equality if and only if M˜kj = Mk and Mkj = fk. By computing the
macroscopic quantities of this equation, one observes that equality means that f1
and f2 are Maxwell distributions with equal mean velocities and all temperatures
coincide.
Since M˜kj , Mkj , fk and Mk have the same density, the right-hand side
reduces to
ν12n2max{1, z1, z2}[
∫ ∫
M˜12 ln M˜12dvdηl1 −
∫ ∫
M1 lnM1dvdηl1 ]
+ν12n2max{1, z1, z2}[
∫ ∫
M˜21 ln M˜21dvdηl2 −
∫ ∫
M2 lnM2dvdηl2 ]
+ν12n2[
∫ ∫
M12 lnM12dvdηl1 −
∫ ∫
f1 ln f1dvdηl1 ]
+ν21n1[
∫ ∫
M21 lnM21dvdηl2 −
∫ ∫
f2 ln f2dvdηl2 ],
(51)
In lemma 3.5 in [14] we proved the following inequality
ν12n2
∫ ∫
M12 lnM12dvdηl1 + ν21n1
∫ ∫
M21 lnM21dvdηl2
≤ ν12n2
∫ ∫
M1 lnM1dvdηl1 + ν21n1
∫ ∫
M2 lnM2dvdηl2 .
(52)
In the same way we can also prove
ν12n2
∫ ∫
M˜12 ln M˜12dvdηl1 + ν21n1
∫ ∫
M˜21 ln M˜21dvdηl2
≤ ν12n2
∫ ∫
M˜1 ln M˜1dvdηl1 + ν21n1
∫ ∫
M˜2 ln M˜2dvdηl2 .
(53)
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With this inequality and lemma 3.5, we see that the first two terms in (51) are
non-positive. Therefore we can estimate max{1, z1, z2} from below by 1. Now,
we use (52) and (53), All in all, we obtain
ν12n2[
∫ ∫
M˜1 ln M˜1dvdηl1 −
∫ ∫
M1 lnM1dvdηl1 ]
+ν12n2[
∫ ∫
M˜2 ln M˜2dvdηl2 −
∫ ∫
M2 lnM2dvdηl2 ]
+ν12n2[
∫ ∫
M1 lnM1dvdηl1 −
∫ ∫
f1 ln f1dvdηl1 ]
+ν21n1[
∫ ∫
M2 lnM2dvdηl2 −
∫ ∫
f2 ln f2dvdηl2 ]
= ν12n2[
∫ ∫
M˜1 ln M˜1dvdηl1 −
∫ ∫
f1 ln f1dvdηl1 ]
+ν21n1[
∫ ∫
M˜2 ln M˜2dvdηl2 −
∫ ∫
f2 ln f2dvdηl2 ],
That this is non-positive is proven in the proof of theorem 3.3.
Define the total entropy
H(f1, f2) =
∫
(f1 ln f1 +max{1, z1, z2}M1 lnM1)dvdηl1
+
∫
(f2 ln f2 +max{1, z1, z2}M2 lnM2)dvdηl2 .
Then, with theorem 4.2, one can deduce the following corollary.
Corollary 4.1 (Entropy inequality for mixtures). Assume f1, f2 > 0, Assume
relationship (14), the conditions (22), (23), (24), (25) and (26) and the positivity
of all temperatures, then we have the following entropy inequality
∂t (H(f1, f2))
+∇x ·
( ∫
v(f1 ln f1 +max{1, z1, z2}M1 lnM1)dvdηl1
+
∫
v(f2 ln f2 +max{1, z1, z2}M2 lnM2)dvdηl2
) ≤ 0,
with equality if and only if f1 and f2 are Maxwell distribution and all tempera-
tures coincide.
Remark 4.1. Note that the entropy inequality for the this model has less as-
sumptions than the entropy inequality for the model in the previous section.
4.2 Entropy dissipation estimates and convergence rate to
equilibrium
With the new model, the proof of the entropy production estimate and the
proof of the convergence rate to equilibrium are much simpler and contain less
assumptions.
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Theorem 4.3. Assume that (f1, f2,M1,M2) is a solution of (40) coupled with
(43) and (16). Then, in the space homogeneous case, we have the following
convergence rate of the distribution functions f1 and f2:
||fk − M˜k||L1(dvdηlk )
≤ 4e−
1
4
C˜t
(
2∑
k=1
(
Hk(f
0
k |M˜
0
k ) + 2max{1, z1, z2}Hk(M
0
k |M˜
0
k )
)) 12
.
where C˜ is given by
C˜ = min
{
ν11n1 + ν12n2, ν22n2 + ν21n1,
ν11n1
z1
+ ν12n2,
ν22n2
z2
+ ν21n1
}
.
Proof. We consider the entropy production of species 1 defined by
D1(f1, f2) =−
∫ ∫
ν11n1 ln f1 (M1 − f1)dvdηl1
−
∫ ∫
ν12n2 ln f1 (M12 − f1)dvdηl1
− max{1, z1, z2}
z1
∫ ∫
ν11n1(M˜1 −M1) lnM1dvdηl1
−max{1, z1, z2}
∫ ∫
ν12n2(M˜12 −M1) lnM1dvdηl1 .
Define the function h(x) := x lnx− x. The function satisfies h′(x) = lnx, so we
can deduce
D1(f1, f2) =−
∫ ∫
ν11n1h
′(f1)(M1 − f1)dvdηl1
−
∫ ∫
ν12n2h
′(f1)(M12 − f1)dvdηl1
− max{1, z1, z2}
z1
∫ ∫
ν11n1(M˜1 −M1)h′(M1)dvdηl1
−max{1, z1, z2}
∫ ∫
ν12n2h
′(M1)(M˜12 −M1)dvdηl1 .
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Since h is convex, we obtain
D1(f1, f2) ≥
∫ ∫
ν11n1(h(f1)− h(M1))dvdηl1
+
∫ ∫
ν12n2(h(f1)− h(M12))dvdηl1
+
max{1, z1, z2}
z1
∫ ∫
ν11n1(h(M1)− h(M˜1))dvdηl1
+max{1, z1, z2}
∫ ∫
ν12n2(h(M1)− h(M˜12))dvdηl1
= ν11n1(H(f1)−H(M1)) + ν12n2(H(f1)−H(M12))
+
max{1, z1, z2}
z1
ν11n1(H(M1)−H(M˜1))
+ max{1, z1, z2}ν12n1(H(M1)−H(M˜12)).
(54)
In the same way we get a similar expression for D2(f2, f1) just exchanging the
indices 1 and 2.
With (52) and (53), we can deduce from (54) that
D1(f1, f2) +D2(f2, f1) ≥ (ν11n1 + ν12n2) (H(f1)−H(M1))
+ (ν22n2 + ν21n1) (H(f2)−H(M2)) + max{1, z1, z2}
z1
ν11n1(H(M1)−H(M˜1))
+
max{1, z1, z2}
z2
ν22n2(H(M2)−H(M˜2)) + max{1, z1, z2}ν12n2(H(M1)−H(M˜1))
+ max{1, z1, z2}ν21n1(H(M2)−H(M˜2))
According to lemma 3.5, we see that H(Mk) −H(M˜k) is non-negative. There-
fore, we can estimate max{1, z1, z2} and max{1,z1,z2}zk by 1 from below. We obtain
D1(f1, f2) +D2(f2, f1) ≥ (ν11n1 + ν12n2)(H(f1)−H(M˜1))
+ (ν22n2 + ν21n1)(H(f2)−H(M˜2))
(55)
Now, we want to consider the time derivative of the relative entropies
Hk(fk|M˜k) + max{1, z1, z2}Hk(Mk|M˜k) = H(fk)−H(M˜k) + max{1, z1, z2}(H(Mk)−H(M˜k))
=
∫ ∫
fk ln
fk
M˜k
dvdηlk
+max{1, z1, z2}
∫ ∫
Mk ln
Mk
M˜k
dvdηlk
for k = 1, 2. The last equality follows from the fact that fk and M˜k have the
same densities, mean velocities and internal energies. These functions we want
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to relate to the entropy production in the following. First, we use product rule
and obtain
d
dt
(
2∑
k=1
(∫ ∫
fk ln
fk
M˜k
dvdηlk +
∫ ∫
Mk ln
Mk
M˜k
dvdηlk
))
=
∫ ∫ (
∂tf1 ln f1 + ∂tf1 − ∂tf1 ln M˜1 − f1
M˜1
∂tM˜1
)
dvdηl1
+
∫ ∫ (
∂tf2 ln f2 + ∂tf2 − ∂tf2 ln M˜2 − f2
M˜2
∂tM˜2
)
dvdηl2
+
∫ ∫ (
∂tM1 lnM1 + ∂tM1 − ∂tM1 ln M˜1 − M1
M˜1
∂tM˜1
)
dvdηl1
+
∫ ∫ (
∂tM2 lnM2 + ∂tM2 − ∂tM2 ln M˜2 − M2
M˜2
∂tM˜2
)
dvdηl2
(56)
The terms
∫ ∫
∂tfkdvdηlk and
∫ ∫
∂tMkdvdηlk vanish since the densities are
constant in the space homogeneous case. By using the explicit expression of
∂tM˜k given by (38), we can compute by using that fk, Mk and M˜k have the
same densities, mean velocities and internal energies that∫
fk
∂tM˜k
M˜k
dvdηlk =
∫
Mk
∂tM˜k
M˜k
dvdηlk = ∂tnk = 0, k = i, e,
since nk is constant in the space-homogeneous case. On the right-hand side of
(56), we insert ∂tf1 and ∂tf2, and ∂tM1 and ∂tM2 from equation (40) and (43).
We obtain
d
dt
(
2∑
k=1
(
Hk(fk|M˜k) + max{1, z1, z2}Hk(Mk|M˜k)
))
=
∫ ∫
(ν11n1(M1 − f1) + ν12n2(M12 − f1)) ln f1dvdηl1
+
∫ ∫
(ν22n2(M2 − f2) + ν21n2(M21 − f2)) ln f2dvdηl2
+
max{1, z1, z2}
z1
∫ ∫
(ν11n1(M˜1 −M1) + max{1, z1, z2}ν12n2(M˜12 −M1)) lnM1dvdηl1
+
∫ ∫
(
max{1, z1, z2}
z2
ν22n2(M˜2 −M2) + max{1, z1, z2}ν21n1(M˜21 −M2)) lnM2dvdηl2 .
Indeed, the terms with ln M˜1 and ln M˜2 vanish since lnM1 and lnM2 are a linear
combination of 1, v and |v|2 + |ηlk |2 and our model satisfies the conservation of
the number of particles, total momentum and total energy (see section 3.1 in
[14]). All in all, we obtain
d
dt
(
2∑
k=1
(
Hk(fk|M˜k) + max{1, z1, z2}Hk(Mk|M˜k)
))
= −(D1(f1, f2) +D2(f2, f1)).
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Using (55) we obtain
d
dt
(
2∑
k=1
(
Hk(fk|M˜k) + max{1, z1, z2}Hk(Mk|M˜k)
))
≤ −
[
(ν11n1 + ν12n2)H(f1|M˜1) + (ν22n2 + ν21n1)H(f2|M˜2)
]
≤ −min {ν11n1 + ν12n2, ν22n2 + ν21n1} (H(f1|M˜1) +H(f2|M˜2).
(57)
In a similar way, we can compute independently
d
dt
(
2∑
k=1
Hk(Mk|M˜k)
)
≤ −
[
(
ν11n1
z1
+ ν12n2)H(M1|M˜1) + (
ν22n2
z2
+ ν21n1)H(M2|M˜2)
]
(58)
Now, we add (57) and max{1, z1, z2} times (58). We obtain
d
dt
(
2∑
k=1
(
Hk(fk|M˜k) + 2max{1, z1, z2}Hk(Mk|M˜k)
))
≤ − 1
2
min
{
ν11n1 + ν12n2, ν22n2 + ν21n1,
ν11n1
z1
+ ν12n2,
ν22n2
z2
+ ν21n1
}
(H(f1|M˜1) +H(f2|M˜2)
+ 2max{1, z1, z2}(Hk(Mk|M˜k))).
Define C˜ := min
{
ν11n1 + ν12n2, ν22n2 + ν21n1,
ν11n1
z1
+ ν12n2,
ν22n2
z2
+ ν21n1
}
,
then we can deduce an exponential decay with Gronwall’s inequality
H(fk|M˜k) ≤
(
2∑
k=1
(
Hk(fk|M˜k) + 2max{1, z1, z2}Hk(Mk|M˜k)
))
≤ e−C˜t
(
2∑
k=1
(
Hk(f
0
k |M˜0k ) + 2max{1, z1, z2}Hk(M0k |M˜0k )
))
, k = 1, 2.
With the Ciszar-Kullback inequality (see [15]) we get
||fk −Mk||L1(dv) ≤ 4(H(fk|M˜k))
1
2
≤ 4e− 12Ct[
(
2∑
k=1
(
Hk(f
0
k |M˜0k ) + 2max{1, z1, z2}Hk(M0k |M˜0k )
))
]
1
2 .
Especially, we observe that it is possible to choose zk ≤ 1 or zk ≥ 1 meaning
that the model allows for slow and fast relaxation of the temperatures, and leads
in the space-homogeneous case to a convergence of the distribution functions
towards Maxwell distributions with a reasonable rate of convergence.
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